Introduction
A sequential probability ratio test (SPRT) is a statistical hypothesis test which differs from the standard fixed-sample test in the way in which statistical observations are employed. In the fixed-sample test a given number of observations are used to select one hypothesis from two or more alternatives. The SPRT, however, examines one observation at a time and at some point makes a decision aud selects an hypothesis, or, if the SPRT is not closed, it may continue to examine observations indefinitely without reaching a conclusion with some nonzero probability. SPRT's have been studied extensively in the statistical literature for quite some time beginning with Wald
[1] and Wald and Wolfowitz [2] . Only more recently, however, have SPRT's found beneficial applications in the areas of safety and reliability of nuclear power reactor operation.
Given certain reasonable assumptions SPRT's have been shown to possess optimal pi'operties versus corresponding fixed-sample tests [2, 3, 4] . For example, when choosing between two alternative hypotheses, the SPRT can make a correct decision faster (on average) than the fixed-sample test to which it corresponds. When this is the case it is said that the SPRT is more efficient than the fixed-sample test. The validity of the above statement in a specific instance depends upon a number of statistical properties of the problem being studied, such as the form of the hypotheses, the underlying statistical distribution, the true value of various parameters and the specific kind of SPRT being used.
More recently SPRT's have been applied to pattern recognition problems [3] . A compound SPRT has been used to improve efficiency in two-class recognition problems with first-order Markov dependence among pattern classes [5] , and a nonparametric SPRT has been formed to investigate Markov dependent data and problems which test more than two hypotheses [6] .
It has been shown that the SPRT is generally more efficient than the fixed-sample size likelihood ratio test for the problem of detecting a constant signal in additive noise [7] . The SPRT has also been used to estimate system availability in systems which are continuously "on station", eg. early warning systems, patrol craft, etc. [8]
A project was initiated at the U.S. Nuclear Regulatory Coinmission in 1980 to attempt to transform the SPRT into a practical tool for nuclear power plant data analyses [9] . This study endorses the value of a SPRT and encourages further testing. A truncated SPRT has been shown to possess large potential savings in average time spent monitoring employees for radiation exposure at the Rocky Flats Plant in Golden, Colorado [10] . A SPRT has also been suggested for rapid decision making and the ability to track signals emitted by radiation monitors used for nuclear safeguards and security [11] .
The research presented in this paper primarily consists of the development of new SPRT signal-analysis tools and focuses on the integration of these tools into an AI based expert system to be used as an operator decision aid for liquid-metal cooled nuclear reactors (LMR's) that are licensed to operate with failed fuel [12] . The expert system is embodied in a device which monitors, processes and interprets information from nine groups of redundant plant sensors and displays to the reactor operator the diagnostic information needed to make proper decisions about technical-specification conformance during run-beyond-clad-breach (RBCB) operation.
The expert system is expected to enhance the safety, economics and licensibility of future-design LMR's. The system will enhance plant safety by making available to the operator online diagnosis and interpretation of a bewildering variety of interacting physical variables during exposed-fuel operation. Currently, full interpretation of these variables requires several days to weeks of detailed analysis by teams of specialists. The new system will provide the operator with very rapid (within one minute) identification of off-normal RBCB conditions, thereby enabling him to terminate or avoid events which might challenge safety or radiological performance guidelines. The system will enhance plant availability and economics by minimizing unnecessary reactor trips caused by events having no safety significance.
A detailed mathematical analysis has been performed on the applications of SPRT's to RBCB operation in relation to the aforemen- (from fissioning of "tramp" uranium) with greater accuracy and a lower "false-alarm" probability than simple threshold-limit tests currently in use for LMR's.
In most cases, the SPRT will provide an answer to each of these questions faster than all other statistical tests.
The expert system described above has been developed for incorporation into the conceptual design of Argonne National Laboratory's Integral Fast Reactor. Plans are underway to install a prototype apparatus at the EBR-II in Idaho. The device is also being incorporated into the conceptual design of General Electric's Power Reactor Inherently Safe Module.
Preliminaries
Consider the problem of discriminating between two simple hypothe-
ses H O :0 = 6 Q , H 1 -.e = e u e Q^e1 (i)
In this case, we concentrate on the family F n {X n ; 0), 6 = 6 0 ,9\ (ie.
the cumulative distribution function of the observations X\, 12,. • •, x n given the parameter 0) containing only two distinct distributions [4] .
In the usual sense, define a = the probability that Hi is chosen or accepted when
Ho is true, 1 -Q = the probability that Ho is accepted when H o is true, /3 = the probability that Ho is accepted when Hi is true.
1 -/3 = the probability that H\ is accepted when Hi is true, and n = the number of observations required to accept either
a and /? are called error probabilities and are usually determined by the nature of the problem, and n is called the sample number.
There exist a number of statistical tests to approach this problem.
A 'good' test should accept H o when 0 is close to t) 0 and reject HQ (accept Hi) when 9 is close to 0 X with high probability. Define the operating characteristic junction (OC), 0(0), as the probability that
Ho is accepted as a function of 6, and the power function, P(0), as the probability that H t is accepted as a function of 6. As in [4] , we impose the validity criteria P(n < oo | 6) = 1 for 6 = 0 Q , 9 X , and
Thus, the statistical test will always make a decision given a finite number of observations when 6 = do or 6 = 0\. Also, the test will correctly accept Ho when 9 = 6 Q at least lOO(l-a) per cent of the time and will correctly accept Hi when 8 = 6 X at least 100(1-/3) per cent of the time. Note that if P(n < 00 | 0) = 1 for all values of 6, the test is closed, i.e. it. always makes a decision after some finite number of observations, and Q(9) + P(8) = 1 for all 6.
We now discuss two remaining questions in turn. Firstly, what statistical test shall we employ? A fixed-sample test, in which a constant n is selected so as to satisfy (2). is standard and simple.
However, we shall choose a sequential probability ratio test for the reason discussed in the next paragraph. A sequential probability ratio test (SPRT) S(b,a) for (1) is defined by [4] : Observe the sequence of observations {2,-} (i = 1,2,...) successively, and at stage n > 1 , and x is a function of 9. 9' is the value of 9 that makes E(z;6) equal to zero. The proof that E s (n;9) > E{n;9) for all 9 ^ 0' is uot given here, but is provided in detail in [4] . Hence, the SPRT makes a faster decision (on average) than any other test, which has equal or smaller error probabilities, provided the above assumptions are satisfied. Such a test is called a uniformly w ->st efficient (UME) test. This is the major reason why the SPRT is a useful test and, in many cases, the best statistical test.
Main Results
We Ho'-X is Gaussian with mean ^o = 0 and variance a 2 H\: X is Gaussian with mean fix ^ 0 and variance a 2
The value of a 2 can be estimated from actual data. If the SPRT accepts Hi, we declare sensor 1 or 2 failed. Note, however, that the SPRT alone does not indicate which sensor has failed.
If one sensor fails, it is possible for both fi and a 2 to change.
However, the SPRT as defined herein only tests for a change in the mean. Although the SPRT will continue to accept the null Although a number of statistical tests of normality, including the sensitive Shapiro-Wilk test [13] , indicate that the underlying distribution of X is not Gaussian, it can be seen (See Table 1 ) that the assumption that X is normally distributed does not significantly affect the performance of the SPRT for our application. That is, for the simulated SPRT applied to real DN-signal data the ASN was seldom more than 10% greater and was often significantly less than the theoretically predicted value of the ASN using the assumption that the DN-signal data were normally distributed. Hence, the mathematical theory of the SPRT applied to testing the mean of a Gaussian distribution provides accurate and conservative estimates for the ASN of the SPRT that has been applied to real DN-signal data. This is fortunate, since much theoretical work has already been done in the area of SPRT's applied to normally distributed data.
The question of how close to Gaussian the signal has to be is very complicated. This issue is being studied carefully for DN sig- fi, the trus mean of the underlying distribution. As can be seen in Table 1 , this approximation can be used to provide an accurate theoretical estimate of the ASN when the SPRT is applied to real DN-signal data. Note that the approximate ASN:
1. is directly proportional to a 2 2. is inversely proportional to (/^i -no) 2 3. is bounded, ie. has a maximum value
increases slowly as a and /3 decrease
It is not surprising that the ASN increases as <r 2 does. One would expect the SPRT to take longer to make a decision when the values ob- This is what we mean by 'increases slowly.'
The above properties of the ASN are encouraging. The SPRT also appears to be robust with respect to a number of important probability distributions. Hence, even if the underlying distribution is not the distribution being used in theoretical calculations, those calculations can still often be used as an accurate estimate of the SPRT properties, as was seen to be the case in our research on the DN-signal data. What we desire is an underlying distribution, which, although it may not statistically be Gaussian, Poisson. etc., Other values are n Q = 0, a 2 = 800.513S, <* = /? = 0.001, and N=700 data values. The three values of fa were chosen to be approximately equal to a (fa =28), \a (fa = 14), and \o (fa =6). It should be noted that, in practice, six sensor readings per second are common.
Example and Numerical Results
Thus an ASN value of 100 jndk-r.tas that the SPRT takes approximately 17 seconds to select an hypothesis. This is much faster than methods currently used, which often take two to ten minutes. It can be seen that the theoretical values yield very accurate estimates for which are also greater than SPRT ASN's, even for simulations when fi is very close to (/z 0 + /*i)/2-Discrepancies in the OC and power functions are also small, and indications are that the SPRT that is simulated on DN data is slightly more prone to signal a problem than is theoretically predicted. If this is a serious problem, a and ft can be appropriately decreased with relatively small increases in the ASN, as indicated above. The SPRT has been chosen as the method of selecting an hypothesis, because it has been mathematically proven to possess many properties desired by the statistician and has been shown to perform very well in the analysis of DN-signal data. Future goals of the work presented herein include:
• Mathematical investigation of optimum methods for selecting
Hi, and a determination of the factors, which cause the maximum simulated ASN to be more significantly less than the maximum theoretical ASN as pi approaches y.Q. Research on the generalized truncated SPRT (GSPRT) to reduce the ASN [4] . This SPRT uses 'variable stopping boundaries' with the goal of enabling it to reach a decision faster when ft is close to (fi 0 + ^i)/2. This advantage of the GSPRT has been shown to become more pronounced as the error probabilities become smaller [14] . The authors ultimately desire to combine the generalized truncated SPRT and the standard SPRT and to utilize the strong points of each to result in a faster decision. Research on the GSPRT is currently underway and results are encouraging.
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• Research on clipped SPRT's and moving window SPRT's. These SPRT's do not allow the ASN to exceed some prespecified value. This is done by simply beginning the SPRT again (clipped SPRT) or by changing the function of observations in the critical inequality (moving window SPRT) in some mathematically convenient way.
• Application of the SPRT to more than two detectors.
• Encoding the final system in FORTRAN and implementing it as part of the expert system described in the introduction of this paper.
• Extension of the SPRT from analysis of DN-signal data, specifically, to general signal validation and sensor op er ability applications for all areas of nuclear reactor operation wherein a given physical variable is being monitored by multiple, redundant sensors (e.g. thermocouples, pressure transducers, flux monitors, flow meters, etc.).
